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Trigonometric substitutions method 4fiiall J) gally Ly gl 48y

Jilall ST Al Ay JalSall jpatie Jai i Ledie 4Bl J)gally (g saill 48y jla padd
diond Aallad Gl_ayeill oda | x=atand, x=asecd, x=asing S—aexill ale o &

-

gle—Y G Koy DN S S P NG S S SN NN S S S

LJJSA:.IQ“_!)A& LA‘ L@J}A.\. L;‘M [aZ_XZ’ aZ_XZ’ aZ_I_XZ’ aZ_I_XZ’ X2_a2’ XZ_aZ
Al Jsaadl (3355 pilae Laala)

< J sl Cilaa ,all JaY)
1 a?—x?, a?—x2 Xx=asing, a>0
[}
X
f
2 a?+x2, a’+x’ Xx=atang, a>0
T
i
3 W2 — a2 x=asecd, a>0
y Ve —a
i1
|

Aflal) Sy gailly Galdd) &) Y

(XA 0 Aed aanig ¢ laalinl) dx camnds ¢ X 0o Apbiall A il 5]
Lo il Jalas & ¢ ada o) pall )l (8 G 8l (523 D

0 el I dually JalSs 3
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d
Example (71): Evaluate | = X
V4 +x°
Let x=atand = x=2tand = dx = 2sec’&dé
x* =4tan’ @
dx 2sec’ad o 2sec’adé sec’ad o
| = - = = = |sec&d @
"‘\/4+x2 '[\/4+4tan 20 '[ 2+/1+tan’ @ ‘[ secd '[
=In(secd+tand) +c= In(“4+X +§)+c
. dx
Example (72): Evaluate | =
V4 —x?
Let x=asing = X=2sin@ = dx = 2cosad @
x* =4sin* @
2cosad @ 2cos&d @ cos&d @ . 4 X
I= = = =|do=0=sint=
‘[ Va—x? I\/4—4sin26’ szll—sinze j cos® j 2
Example (73): Evaluate | = X dx
V9 —x?
Let x=asing = Xx=23sing = dx = 3cos& &
x* =3sin’ @
I:I x2dx J-(9sm 0)(3cos9)dg J-(9sm 49)(3cos€)d6’:I(Qsinze)(cosa)dé’
VO—x2 V9-9sin? @ 3vV1-sin? 6 cosé
| =9[sin® @16 = QIMdH 9[(1—C052‘9)d9_ jde——jcoszede
:%---jco 29(2)d0_99—9sm20+c_99——(2sm9cos9)+c
2 2 4 2
9 . g X X V9 —x?
1= sint X3 X B ¢
2 3 23 3
Example (74): Evaluate |=jL
(x? +1)?

Let x=atand = x=tand = dx=sec26d49 & x*=tan’0
| :J :.[ sec’ad o =jsec ‘o I
(x*+1)* 7 (tan®6+1)>  (sec’d sec’d

:%e—sin 20+c :%tanl X —sin(2tan™ x) +c¢

= Icoszédezj(£+1c0320)d9
2 2

X

: l=[— 2% 4
Example (75): Evaluate j(x2_6X+1)3 X

80



Jhal Juald ale o Laliey) Adalinl) e alaad) - 4500 Ads yall - ciludaly )l and - cilid Ay a1 4308 -y S5 Aaaly
| =1I%dx =1I%X =1I# X +3J.%dx
279 (x°—6x+1) 279 (x° —6x+1) 27 (x°—6x+1) (x*—6x+1)

1¢,, S 1 1 (x*-6x+1)7 1
ZI(X Ox+1)7(2x—6)ax + J.(x2—6x+1)3 § 2 -2 " I(X2—6X+1)3 ’
dx dx
Let I, = =
! I(x2—6x+1)3 J‘[(X—3)2+2]3

) il (e Tl i il w38 ¢ | Slasy

Let x-3=+2tand = dx=~/2sec?0
(x—=3)*=2tan’ 8 = (x-3)*+2=2tan’G+2

— (x=3)2+2=2(tan? O +1) = 2sec® & X+3

|1=j dx I\/Eseczede '[\/Eseczede_ﬁjseczﬁ

1 1
- =— de = de
[(x=3)*+2]° “[2sec®6O)’ 8sec® @ 8 Ysec’o 42 j sec* @

1 4
| =——|cos” 6d@
' 4\/5I

Lpall aasing oY)
n-1 oz _
I(cosx)"dx:(cosx) simx . n 1J‘(cosx)"‘zdx
n
1 [(cos@)’sing 3 2 (cos@)’sind 3 )
I, = +—|cos“6dl; = + cos” 6dé
' 4\/5{ 4 4I 1642 16J§I
(cos@)’sind 3 {cos@sin@ 1 } (cos)’sind 3 {cosé?siné? 6’}
I, = + +=|d@;= + +—=
1642 1621 2 2 1642 1642 2 2
1 (X*—6x+1)7° (x> =6x+1)? 3(cosh)’sind 9 [cos@singd 6
l=—+———"—+3l, = + + +—
2 ~2 —4 1642 16v2 2 2
(P -BxeD? 3 ( x-3 H J2 j
—4 1672\ /x? —6x+11) \V/x? —6x +11

Sl b
32v2 x? —6x+11) \Vx? —6x+11) 32V2 J2

Exercise (7-1): Evaluate the integrals by use Trigonometric substitutions method
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No. | Question Answer
1 [ dx | =In(vX*> =4 +Xx)+cC
x> -4
2 ox dx I :isin‘l(@)JrC
2
2 -5x J5 J2
3 o dx I__\/4+x2 e
" x2V4+ X2 B 4x
4 | XX | =v4+x* +¢
V44X
5 .X /16_X2dx I :_(16_)(2)3/2 e
) 3
6 dx | = Ltann (%) +c
X =9 3 3
x>dx — X2
7 | :23in*1(§)_X4—X+C
4—x? 2 2
2 2
8 -9 —4x° . I:3In(\/9—24x —3)_3In(\/9—24x +3)+\/m+c
JX
2 2 / 2 2
9 X 43 i | =vVx* +a’ —atan‘l(uhc
X a
10 . o I:Etan‘l(X—Jrl)qLc
X" +2X+5 2 2
* dX 1 1
11 5 | ==tan~(x+3)+cC
72X +12x+ 20 2
12 | [ Xdx | :sin’l(x—_l)+\/X2—2X+5+C
" Ix*=2x+5 2
| =In(X++(x=1)*+4 -1)+Vx* —2x+5+cC
13 | [ (x=Ddx | =In(vX* —4x+3+Xx—2)+Vx* —4x+3+cC
"X —4x+3
dx 3 (x+1)(3x* +6x+8)
14 | ==tan'(x+1) + +C
I (X% +2x+2)° 8 (x+3) 8(x% +2x+2)?
4 4
15 | ¢ dx X N
| =sinh (—)} =sinh~ (=)
2V9+ X2 3" 1o 3
16 |t dx | =sinh™(1)
oVA+X°
17 1 dx | :In_3
2 4—x? 4

82




Jbal Jald e o 4aliey) Al e alaad) - 450N Ads jall - Ciladaly )l and - cilid Ay 1) 4308 -y S5 Aaaly

18 | =sinh™(1) +sinh*(1/2)

dx
‘c[\/xz—2x+5

0

V2X — X2

(20) Find the area of circle x* +y? =r?

2

(21) Find the area between the curve Y = s> and x-axisand x=0, x=1,

(4-x%)
22) P j W _LentUic a>0
(22) Prove 2Z+u® a a ,
du 2 .2
u—a

Exercise (7-2): Evaluate the integrals by use Trigonometric substitutions method

No. | Question Answer

(I S S | =sinh () +¢
° V100 + x° 10

2 - dx I =1|n(\/4x2+4x—2+2x+1)+c
" VAXP +4X -2 2

3 o I =13in‘1(3x)+c
* V1-9x? 3

4 . o I :Ltan‘l( 2x? +2x—lJ+c
" (2x+)VAX® + 4x -1 242 \ 2

5 [\9— x2dx X9 —x°

X
| ==——"+9sin*(%)+c
2 (3)

. dx . X=2
6 XX | =2sin{(—>5) - /(4= X)X +¢C
Naxt R

7 [ \/x? +16dx XV Xx* +16

¢
| ==—"——"—+8sin" (%) +cC
> )

o 2_
| Vx* ~16dx sz—“X216—8In(\/x2—16+x)+c
g | e 2V —3x+ 2 +5tanh (= 2x=3
*\V2x? —6x+4 | = 20X =3x+2 ¢
242
o | 9 Jx2-9
—_— | = +c
" X2Wx* -9 X
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10 | [ = Ltant XYy 4 e
I X" —2X+5 2 2
11 dx =Lty +c
J 4+ X2 2 2
12 | [XOX =1 +4)+c
44+ %° 2
13 | [ (x=Dox | =—V2x—x* +cC
S 2x = Xx?
14 | ¢ xdx | = Zsin‘l(XT_Z)—\/5+4x—x2 +C
* 5+ 4x— X
15 J‘ dx I =sin‘1(%2)+c
JA—(x—2)°
16 J‘ (1—x)dx | =vV8+2x—x* +¢
V842X — X*
17 | (x+1)dx I =sin*1(§)—\/4—x2 +C
* V4 x? 2
18 | ¢ xdx I =%sinhl(2f/§1)+%\/4x2 —4x+3+cC
" VAX? —4x+3
19 |9 I :%sinl(\/gx)m
*\J2-5x%°
20 | _(2x+3)dx I:sinh‘1(2X2+1)+%\/4x2+4x+5+c
J4%? +4X+5
21 sin d o |___ Cos® .
J (2 —cos? 6)%? 2+/2 —cos? @
22 dx | =sinh*(Z*=Y) 4 ¢
I (X*—x+1)H? V3
23 | ¢ dx 1, 4 Ax*-a
—_— | ==tan ' (———) +¢
Y /XZ _ a2 a a
-1
24 | [ dx | = tan‘l(x—)+c
7 x /3X2+2X_1 ‘\/3X2+2X—1

Exercise (7-3): Trigonometric substitutions method

No. | Question | Answer

Using Trigonometric Substitutions
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Evaluate the integrals in Exercises 1-14.
1 J'L | =sinh () +¢
V49 + x? /
2 J- 3dx | =sinh™*(3x) +c¢
V1+9x?
_-[24+ X
'(':8+2x2
5 3]3 dx | =7/6
0 \/9—X2
5 1/]ﬁ 2dx | =x/4
0 \/1—4X2
7 | (V25 et Iz%sin‘l(é)+%\/25—t2 e
8 [ \/1_9t2dt I :%sin‘1(3t)+%\/1—9t2 +C
9 L . I :lcosh‘l(ﬁ)+c
10 S—dX K3 I :coshfl(%)ﬂz
7 J25x2 -9 5 .
A yE—4 Jy:—4
oy =% 9dy, y>7 I:—7tan1(—y7 9)+\/m+c
: y
2 2 2
12 | 3y =% dy, y>5 I =itan‘l(‘/y 25)_\/y 225+c
C y 10 5 2y
13 | ¢ dx x* -1
—, x>1 | = +C
T xXAxE -1 X
14 | ¢ 2dx 1. 1+x% -1
'W\/Z——l’ x>1 I=Etan 1(\/X2—1|.)+§ v +C
Assorted Integrations
Use any method to evaluate the integrals in Exercises 15-34. Most will require
trigonometric substitutions, but some can be evaluated by other methods.
15 | xdx | =—9—x*+c
V9 —-x°
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16 | (_X dx I :x—2tan‘1(§)+c
I 44 %3 2
3
17 | (_Xdx I:l(x2—8)\/x2+4+c
X2 +4 3
3 dx 2
18 o ox | __VX +1 te
T xAx% +1 X
19 | ¢ 8dw - 4 —w?
w4 —w? W ‘
A2 2
20 J 2W dw |=_Y9-W +sin*1(§)+c
w 3
21 | 100 dx | :—Etan‘l(%ﬂc
J 36+ 25x> 3 6
] 2 _ )3/2
22| [ x/%? —4dx 1= 3 )
23 45.[/2 Ax2dx | :_4(7f—33/2)
d (1_X2)3/2 3
24 | ¢ dx | 1
J(4—x2)r 4.3
25 | __oX l=—— X ¢
J (X2 _1)3/2 ) X>1 X2 _1
o6 | ¢ X°dx _ x°
Joapem » %>t ECE
27 _(1_ X2)3/2 | :_(1_)(2)5/2 e
| e dx TEe
2\1/2 _y2)\3/2
28 %x I :—%-FC
. X 3X
29 | [__8dx | = ix +2tan(2x)+c
30 || ?dt . | =———+tan"(3x)+C
31 | X0 1=— X ¢
o X2 -1 X2 -1
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I :%(x2 +In(x* 1) +c
32 xdx I zlln(4x2 +25)+¢C
J 25+ 4x? 8
33 | Vidv B v c
| ez = _uznaiz
@-v?) 3(1-v9)
2\5/2 _p2y\7/2
34 1-r9) dr I:—(l I’?) e
r® 7r
In Exercises 35-49, use an appropriate substitution and then a trigonometric
substitution to evaluate the integrals.
In4
35 | e'dt | =sinh (3 —sinh~(3)
5 [e2t+9 3 3
36 In(4/3) eldt | =1/5
G (1+e2t)3/2
37 1].4 | =7x/6
1,12\/_+4t\/_
38 | ¢ dy | =sinh™(1)
1 Y1+ (Iny)?
39 | _ dX | =tan(vVX* —1)+c
" xvx?-1
a0 | dx | =tan™'x+cC
1+ x?
41 xdx =X’ -1+cC
2
-1
42 dx | =sin™(x)+c
1-x°
43 | [ X0 I :lsinh’l(x2)+c
* 1+ x* ’
a4 Vi=(Inx)* | =1-(Inx)* —tanh™*(yy1—-(In x)?)

45

| = x‘/ﬂ —4tan‘1(‘/ﬂ)+c
X X
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46 [ X dx _ 312
J 1_X3 ’(u X )

3/2

2 .
| ==sin*(x**) +c¢
3 (x79)

47 .\/;\/1— xdx

| = %[,/(1— X)X (2x—1) —sin "t (V1-x)]+¢

48 [ X_de
Y Jx-1

_ JX—=1(x=2) +~/2—xsin 1 (v2-x) ‘e

X—2

49 | [x2yx? - 4dx

I :%\/xz—4(x3—2x)—2In(\/x2—4+x)+c

Initial VValue Problems

Solve the initial value problems in Exercises 50-53 for y as a function of x.

50 x%=\/x2—4,x22, y(2)=0
X

y= Xz_ﬂ'—sec‘15
2 2

51 e —9Y _1x>3y(5)=In3 il P
dx Y=g 3
2 dy_ — =§t 715—3—”
52 | (x +4)&—3,Y(2)—0 y=5tan (2) 8
53 (X2+1)2%=\/X2+1,Y(0)=1 y=———+1
dx X +1
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